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It is shown that the locus of the f 0 + if 00 plot in the complex plane, f 0 being

determined from measured f 00 by using the dispersion relation, looks like a

semicircle very near the absorption edge of Ge. The semicircular locus is derived

from a quantum theory of X-ray resonant scattering when there is a sharp

isolated peak in f 00 just above the K-absorption edge. Using the semicircular

behavior, an approach is proposed to determine the anomalous scattering

factors in a crystal by fitting known calculated values based on an isolated-atom

model to a semicircular focus. The determined anomalous scattering factors f 0

show excellent agreement with the measured values just below the absorption

edge. In addition, the phase determination of a crystal structure factor has been

considered by using the semicircular behavior.

1. Introduction

The anomalous scattering factor (f 0 þ if 00) of an atom varies

remarkably with respect to X-ray energy near its absorption

edge. This variation can be utilized in many ways such as in a

phase determination of a crystal structure factor and a study of

X-ray magnetic scattering (Materlik et al., 1994). However, it

is not easy to calculate accurately the anomalous scattering

factors very near an absorption edge owing to several factors

such as the conduction band structure and the intermediate

state lifetime of the scattering process. For this reason, the

crystal structure analysis by multiwavelength anomalous

diffraction is carried out in most cases at energies far from the

absorption edge. If more accurate anomalous scattering

factors are available very near the absorption edge, the

structure analysis should be much improved.

In this paper, we report on the semicircular behavior of the

f 0 þ if 00 plot by analyzing the values of f 0 þ if 00 across Ge

K-absorption edge and its application to the correction of well

known calculated anomalous scattering factors. Semicircular

behavior is obtained when the values of f 00 are obtained by

measuring K-edge XANES of Ge and those of f 0 are calcu-

lated from these f 00 using the dispersion relation (Kawamura &

Fukamachi, 1978). We show that we can derive semicircular

behavior of an f 0 þ if 00 plot by assuming an isolated peak in f 00

just above the absorption edge. As an application, we show

that the calculated values of the anomalous scattering factor in

a crystal are determined from those based on an isolated-atom

model (Sasaki, 1989) by using the semicircular behavior. The

results are compared with the values obtained by two other

methods: calculation based on an isolated-atom model and use

of the dispersion relation. We also discuss a potential appli-

cation to the determination of the phase of a crystal structure

factor by using the semicircular behavior.

2. Experiment

The experiment was carried out using X-ray synchrotron

radiation (SR) at BL-15C, Photon Factory, KEK, Japan. The

X-rays from SR were monochromated by an Si 111 double-

crystal monochromator. The energy resolution in this optical

set-up was about �0.5 eV. The sample Ge crystal was first

mechanically polished and then chemically polished to remove

the strained layer due to the mechanical polishing. It was a

parallel plate with a thickness of approximately 27 mm. The

values of f 00 in Fig. 1 were obtained by measuring the

absorption coefficient (XANES) around the Ge K-absorption

edge with an energy step of 0.5 eV. The errors of the measured

values were within 1%. The ordinate f 00 was scaled by

adjusting the values of XANES spectra far from the K edge to

coincide with those calculated by Sasaki (1989) using the

method of Cromer & Liberman (1970) (CLS). The values of f 0

in Fig. 1 were determined from measured f 00 by using the

dispersion relation. The resultant values are listed in Table 1.

3. Correction by semicircle fitting

Fig. 2 shows the locus of the anomalous scattering factor

f 0 þ if 00 when the X-ray energy is changed across the Ge

K-absorption edge. The abscissa represents f 0 and the ordinate

f 00. The dashed line shows the values evaluated by CLS, the

solid line those calculated by the formula of Parratt &



Hempstead (1954) using the oscillator strength from Cromer

(1965) (PH), and the filled circles the experimental values in

Fig. 1. In Fig. 2, there are distinct differences between the loci

of f 0 þ if 00 obtained by CLS and by PH, although both

methods are based on an isolated-atom model. One difference

is that the lifetime � ¼ h- =� (� is the natural width of the

spectrum) of the intermediate state is taken into account in

PH but not in CLS. The experimental values agree with the

values of PH better than with those of CLS. This shows the

importance of taking the lifetime into account in the calcula-

tion of the anomalous scattering factor around the absorption

edge. It is noted that the locus of f 0 þ if 00 with f 0 determined by

using the dispersion relation from f 00 obtained by measuring

XANES looks like a semicircle in the energy region near the K

edge as shown in Fig. 2. A similar semicircular locus of f 0 þ if 00

has been reported by Sakamaki et al. (1980) near the K edge of

Zn in hemimorphite.

According to a quantum theory of X-ray resonant scattering

(Fukamachi & Hosoya, 1975), the anomalous scattering factor

is given by

f 0 þ if 00 ¼ �
X

n

!n0g0n

2

1

!n0 � !þ i�0n=2
þ

1

!n0 þ !

� �
ð1Þ

under the dipole approximation. Here the atomic unit

(h- ¼ m ¼ e ¼ 1) is used. The suffix n expresses the nth excited

state with energy En, n = 0 being the ground state with energy

E0. ! is the incident X-ray energy and !n0 ¼ En � E0. �0n is

the spectral width of the excited state. g0n is given by

g0n ¼ ð2=!n0Þjh’nje � Pj’0ij
2; ð2Þ

where ’n and ’0 are the wavefunctions of the excited and the

ground states, respectively, e is the polarization vector and P is

the momentum vector of an electron. When only one excited

state (n) is dominant in the energy region (!) very close to !n0,

equation (1) can be written as

f 0 þ if 00 ¼
!n0g0n

2

1

!� !n0 � i�=2
þ f 0b þ if 00b ; ð3Þ

where f 0b þ if 00b is assumed to be constant within ��=2

(= �0n=2) around !n0. If we put the first term of the right-hand

side of equation (3) as

!n0g0n

2

1

!� !n0 � i�=2
¼ �f 0 þ i�f 00 ¼

�f 00M�=2

!� !n0 � i�=2
; ð4Þ

with �f 00M� being equal to !n0g0n and constant, we obtain the

relation

ð�f 0Þ2 þ �f 00 �
�f 00M

2

� �2

¼
�f 00M

2

� �2

: ð5Þ
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Table 1
Values of f 0 and f 00 of Ge as a function of X-ray energy near the
K-absorption edge .

The second column shows f 0 obtained from measured absorption coefficient f 00

by using the dispersion relation. The fourth and fifth columns show f 0 and f 00

obtained by the semicircle correction.

Dispersion relation Semicircle correction

Energy (keV) f 0Ge f 00Ge f 0Ge f 00Ge

11.088 �6.78 0.70 �6.84 0.60
11.089 �6.88 0.70 �6.94 0.61
11.090 �6.98 0.71 �7.05 0.63
11.091 �7.09 0.72 �7.18 0.64
11.092 �7.22 0.73 �7.31 0.66
11.093 �7.35 0.74 �7.46 0.69
11.094 �7.50 0.76 �7.62 0.73
11.095 �7.67 0.78 �7.80 0.77
11.096 �7.87 0.81 �8.01 0.82
11.097 �8.09 0.85 �8.25 0.90
11.098 �8.36 0.90 �8.52 1.00
11.099 �8.68 0.99 �8.84 1.13
11.100 �9.08 1.13 �9.22 1.34
11.101 �9.60 1.38 �9.66 1.64
11.102 �10.2 1.92 �10.2 2.12
11.103 �10.8 3.01 �10.7 2.88
11.104 �10.6 4.51 �10.7 4.04
11.105 �9.66 5.68 �9.71 5.37

Figure 2
Plot of f 0Ge versus f 00Ge. The dashed line and the solid line are the values
calculated by CLS and PH, respectively. The filled circles are the values of
f 0Ge and f 00Ge, with f 0Ge obtained from the measured f 00Ge by using the
dispersion relation.

Figure 1
Measured anomalous scattering factors near the Ge K-absorption edge.
The values of f 00Ge (filled circles) are obtained by measuring the absorption
coefficients and those of f 0Ge (solid line) are obtained from f 00Ge by using the
dispersion relation. The dashed lines are the values calculated by CLS.



The locus of f 0 þ if 00 is a circle as a function of !, with its center

at ðf 0b; f 00b þ�f 00M=2Þ and the radius �f 00M=2.

In the following, we assume that !n0 is the energy corre-

sponding to the initial peak position of �f 00, and that �f 00M is

the diameter of the circle as shown in Fig. 2 and corresponds to

the peak height without background as shown in Fig. 1. In

order to determine the values of f 0 þ if 00 in equation (3), it is

necessary to determine the values of f 0b þ if 00b . We used the

calculated values of f 0b þ if 00b based on an isolated-atom model,

as it is known that they show good agreement with the

experimental values except for the energy region near an

absorption edge. By using the measured results, �f 00M and �=2

in equation (4) are determined to be 5.38 and 2.8 � 0.5 eV,

respectively. The value of �=2 contains the error due to the

resolution of the optical system (�0.5 eV). In order to make

the �f 00 þ f 00b curve fit better to the measured f 00 (XANES)

curve, the value of �=2 is adjusted to be 2.5 � 0.5 eV. It is five

times larger than that calculated by the classical damping

(0.5 eV) and corresponds to a lifetime of 0:13� 0:03 fs. �f 0

and �f 00 thus obtained are shown in Fig. 3. As the values of f 0

determined by measuring Pendellösung fringes due to reso-

nant scattering are in good agreement with those calculated by

CLS in the energy range of 50–300 eV below the Ge

K-absorption edge (Fukamachi et al., 1990), the calculated

values by CLS are employed as f 0b þ if 00b . In order to avoid the

divergence in the real part of the anomalous scattering factor

by CLS at the absorption edge, a fixed value at !0n � �=2 is

assumed in the range between !0n � �=2 and !0n þ �=2. The

resultant values of �f 0 and �f 00, f 0 and f 00 are obtained as

shown in Figs. 3 and 4 and are listed in Table 1.

4. Results and discussion

The following results are obtained in the above experimental

and theoretical investigations.

1. The semicircular locus of f 0 þ if 00 near the K-absorption

edge of Ge is obtained. This is because f 00 increases rapidly and

forms a sharp peak just above the edge.

2. The semicircular locus of f 0 þ if 00 is utilized to determine

the values of f 0 þ if 00 in a crystal from the calculated values

based on an isolated-atom model (referred to as the semicircle

correction). The natural width of the excited state has been

obtained.

3. The anomalous scattering factors after the semicircle

correction are in good agreement with previously determined

experimental values (Fukamachi et al., 1990; Katoh et al.,

1985) as shown in Fig. 4.

4. The f 0 spectrum obtained by using the dispersion relation

is asymmetric with fine structures on the higher-energy side of

the K edge and the values on the low-energy side down to

�30 eV below the edge are approximately 10% smaller than

those based on an isolated-atom model. The difference can be

explained by the contribution of the �f 0 term given by the

semicircle correction as shown in Fig. 4.

In the semicircle correction, the precise measurement of the

first peak height (�f 00M) above the absorption edge (!K) is

important. However, the energy resolution in the present

experiment was approximately �0:5 eV for measuring �f 00M.

The resolution of the optical system must be improved by

several times in order to determine the width � more accu-

rately. It may look a coarse approximation that f 0b is constant in

the energy range between !0n � �=2 and !0n þ �=2. But if we
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Figure 3
Anomalous scattering factors of Ge with semicircle correction near the
Ge K-absorption edge. The thick solid lines f 0Ge and f 00Ge are the real and
imaginary parts of the anomalous scattering factor after semicircle
correction, respectively. The thin solid line and the dotted line are the
values of �f 0 and �f 00, respectively. The dashed lines are the values
calculated with CLS.

Figure 4
Anomalous scattering factors near the Ge K edge. The thick solid line
represents the values after semicircle correction to values calculated by
CLS. The dashed line represents the values calculated by CLS. The thin
solid line represents values obtained by using the dispersion relation. For
f 00, the filled circles represent values obtained using the dispersion
relation. For f 0, the open circle shows the experimental value from the
Pendellösung beat method (Fukamachi et al., 1990) and the filled circles
show the experimental values from the prism method (Katoh et al., 1985).



consider the influence of the lifetime corresponding to the

natural width of the spectrum (approximately several elec-

tronvolts) on the calculation of f 0b near the absorption edge

(Fukamachi et al., 1993), the error in f 0b should be very small.

We can justify the assumption.

We can apply the result of the semicircle fitting to the phase

determination of a crystal structure factor. When there is one

resonant atom in a unit cell, the crystal structure factor Fhð!Þ
can be written as

Fhð!Þ ¼ jF
0
hj expð�hÞ þ f 0ð!Þ þ if 00ð!Þ;

assuming the resonant atom is at the origin of the unit cell.

Here jF0
hj expð�hÞ is the crystal structure factor without the

anomalous scattering. As shown above, we are able to obtain

the values of f 0ð!Þ þ if 00ð!Þ using the semicircle behavior.

Suppose that we choose two energies !1 and !2 (here !1 <!K

and !2 >!K) at which the condition f 0ð!1Þ ¼ f 0ð!2Þ is satis-

fied. In Fig. 5, the two points are given by f 0ð!1Þ þ if 00ð!1Þ and

f 0ð!2Þ þ if 00ð!2Þ, and indicated by filled circles. We use equa-

tion (4) to choose the energies. When the integrated intensities

at !1 and !2 are measured, jFhð!1Þj and jFhð!2Þj are obtained.

As shown in Fig. 5, if we plot two circles, one with radius

jFhð!1Þj and its center at f 0ð!1Þ þ if 00ð!1Þ, and the other with

radius jFhð!2Þj and its center at f 0ð!2Þ þ if 00ð!2Þ, we have two

crossing points (A and B). The line connecting these two

points is parallel to the abscissa f 0. Either vector AO
�!

or BO
�!

corresponds to the crystal structure factor to be determined.

One of these points (A or B) should be chosen. In experiments

using SR, it is easy to measure the integrated intensities in the

energy region between !1 and !2 simultaneously by tuning

the energy width of the incident X-rays to the region across

the absorption edge. If the measured curve of jFhð!Þj
(!1 <!<!2) shows the value above the dashed line [the

straight line from jFhð!1Þj to jFhð!2Þj] as curve (a) in Fig. 6, the

vector AO
�!

is chosen as the right structure factor. If jFhð!Þj
shows the value below the dashed line as curve (b), the vector

BO
�!

is chosen as the right structure factor. We can determine

the phase of the crystal structure factor uniquely.

As shown above, the values of f 0 þ if 00 vary remarkably

within the energy range approximately several electronvolts

around the absorption edge. If the diffracted intensity is

measured by tuning X-ray energy across the absorption edge

of a resonant atom in a crystal after improving the energy

resolution up to 0.1 eV, it is possible to determine the phase of

the crystal structure factor precisely by utilizing the semi-

circular locus of f 0 þ if 00.
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Figure 5
Schematic diagram of phase determination of a crystal structure factor
using semicircular behavior of the anomalous scattering factor across the
absorption edge. The abscissa represents f 0 and the ordinate represents
f 00.

Figure 6
Values of jFhð!Þj as a function of X-ray energy around the absorption
edge. Curve (a) represents the locus of jFhð!Þj (!1 <!<!2) corre-
sponding to point A in Fig. 5 and curve (b) represents the locus
corresponding to point B.


